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Modified k—< Turbulence Model for Calculating
Hot Jet Mean Flows and Noise
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The k- model has no provision to include the effect of the presence of a large-density gradient when used to
compute the mean flow and noise of very hot jets. As a result, the model is found to give good predictions only
when the jet is cold or moderately hot. Stability consideration indicates that a large density difference across a
shear layer would generate strong spatial Kelvin—-Helmbholtz instabilities. Such instabilities would, invariably, lead
to intense mixing in the jet shear layer. This, in turn, gives rise to an increase in turbulence intensity and jet
spreading rate. A modification to the ki~ model is proposed to mimic these effects. Computed mean flow profiles
and centerline velocity distributions of high-temperature jets using the modified k<~ model are found to compare
well with experimental measurements. The accuracy of noise predictions for hot jets is also found to improve when

the density gradient is taken into account.

Nomenclature

Cp, Cels Cea, Ce3, = parameters of k—& model and modifications

or, Ok, O¢, (]

D = nozzle exit diameter

k = turbulence kinetic energy per unit mass
M; = jet Mach number

Pr = turbulent Prandtl number

T; = jet exit temperature

uj = jetexit velocity

8ij = Kironecker delta

£ = dissipation rate of the k—¢ model
v = turbulent eddy viscosity

o) = jetexit density

T = turbulent stresses

I. Introduction

HE k—¢ turbulence model has been widely used in association

with the Reynolds averaged Navier—Stokes equations (RANS)
for calculating various types of turbulent mean flows for engineer-
ing applications. However, note that the applicability of the original
k—e model is quite limited. This is because the model contains only
a bare minimum of turbulence physics. Also it is because the un-
known constants of the original model! ~* were calibrated primarily
by using low-Mach-number boundary layer and two-dimensional
mixing layer flow data.

The useful range of the k—¢ model has since been extended. The
extensions were carried out in two ways. First, a number of cor-
rection terms, intended to incorporate additional turbulence physics
to the model, were proposed. Notable model corrections are the
Pope correction’ developed for use in three-dimensional jets and
the Sarkar and Lakshmanan correction® developed for use when the
flow convective Mach number is not too small. Second, for appli-
cation to a specific class of turbulent flows, the empirical constants
of the original model were recalibrated using a larger set of more
appropriate data. The motivation for recalibration is the recognition
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that these constants are not really universal. The model would have
a much better chance to be successful if it is applied to a restricted
class of flows with similar turbulent mixing characteristics. For each
class of flows, a new but more suitable set of constants is used. For
instance, for calculating axisymmetric and three-dimensional jet
mean flows, Thies and Tam’ recalibrated the unknown model con-
stants by using a large set of jet flow data covering a wide range
of Mach numbers. Their computed jet mean flow velocity profiles
for ambient temperature jets were found to be in excellent agree-
ment with experimental measurements. More recently, applications
of the recalibrated model to jets in simulated forward flight, coaxial
jets, and jets with inverted velocity profile® have been carried out.
(Data of these types of flows were not included in the recalibration.)
The calculated velocity profiles were again found to be in good
agreement with experiments.

Recently, Tam and Auriault’ developed a theory by which the
noise spectrum from the fine-scale turbulence of a jet can be calcu-
lated. This theory takes into account the mean flow refraction effect,
as well as the effect of noise source motion. The turbulence infor-
mation required by the theory such as the turbulence intensity and
its length and time decay scales are supplied by the k—¢ turbulence
model as modified by Thies and Tam.” For cold and moderately hot
jets, the computed noise spectra compare well with measured data
over a wide range of jet Mach numbers and directions of radiation.

For hot jets, both the mean flow and noise predictions based on
the recalibrated k—e turbulence model are found not to be as good. In
this paper, it will be shown that hot jets spread faster than that given
by the model theory. Also, the noise level and the peak frequency of
the calculated spectrum are slightly off. An examination of the k—¢
turbulence model indicates that the model has no provision for jet
temperature or density effect. Experimentally, it is known'®!! that
the spreading rate of a two-dimensional shear layer or the mixing
layer of a jet is affected by the density difference across the layer.

The objective of this work is to examine the flow physics of hot
jets especially the dependence of its mixing characteristics on gas
densities. It is determined that the density difference between the
ambient gas and that of a hot jet would promote strong flow insta-
bilities, which, in turn, lead to faster mixing and spreading of the jet
flow. Based on this observation, a modified k—¢ model is proposed.
The modification is designed specifically to result in enhanced mix-
ing whenever a strong density gradient (in opposite direction to that
of the mean flow) is present in the jet flow. Calculated jet mean ve-
locity profiles at elevated jet temperature based on the modified k—e
model are provided in the paper. It will be shown that the calculated
profiles are in good agreement with measured data over a wide range
of jet Mach numbers and temperature ratios. Furthermore, by using
the turbulence information provided by the modified k—¢ model,
the noise spectra as calculated by the Tam and Auriault theory® are
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found to agree well with measurements. The modification on the
k—e model significantly improves the accuracy of its prediction.

Since the appearance of a preliminary version of this paper,'?
there have been other attempts to modify the k—¢ model to include
temperature or density effect. Recently Massey et al.'* proposed a
simple modification to the model intended for wall-bounded tur-
bulent flow applications. However, the model lacks generality. The
authors recommended its use to be restricted to subsonic flows.
Birch et al.'"* considered the use of the k—¢ model for hot coaxial
jets issued from chevron nozzles. They proposed a zonal model in
which different corrections were implemented in different regions
of the dual-flow stream. Understandably, such a model necessarily
contains more empiricism. It is also not applicable to more general
turbulent shear flows.

II. Jet Flow k—s Model

Dimensionless variables with D, u ;, p;, T;, nozzle exit diameter,
velocity, density, and temperature as the length, velocity, density, and
temperature scales will be used. Time, pressure, and the turbulence
quantities k and & will be nondimensionalized by D/u;, p;u3, u3,
and uj /D, respectively. Turbulent stresses 7;; and eddy viscosity
v; will be nondimensionalized by u? and u; D. In Cartesian tensor
notation, the Favre-averaged equations of motion including the k—¢
model as well as the Pope® and Sarkar and Lakshmanan® correction
terms in dimensionless form are
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where y is the ratio of specific heats.
Equation (1) is derived from the continuity equation with p elim-
inated in favor of p and T by the equation of state. There are eight

empirical constants in the preceding system. Here, the values rec-
ommended by Thies and Tam’ are adopted:

¢, = 0.0874, ¢ = 1.40, cer = 2.02, ce3 = 0.822
yor = Pr=0422, o, =0.324
0. =0.377, o =0.518 (15)

By using these constants, Thies and Tam demonstrated that the k—¢
model can yield good predictions of jet mean flow profiles for cold
and moderately hot axisymmetric jets over the Mach number range
of 0.4-2.22. They also showed that the model gives reasonable mean
velocity prediction for cold elliptic and rectangular jets in the Mach
number range of 0.4—1.5. Recently, Tam et al.} applied the k—¢
model with the preceding constants for the prediction of cold jets in
simulated forward flight, the mean flows of coaxial jets, and jets with
inverted velocity profile. The predictions were in good agreement
with experimental measurements.

In this paper, the preceding system of equations is solved by first
putting it in a parabolized form. The steps involved in parabolization
are as follows: 1) The dp/0x term in the x-momentum equation is
dropped (boundary-layer approximation) where the x axis coincides
with the centerline axis of the jet. 2) All eddy viscosity terms in-
volving x derivatives are neglected. They are small compared with
derivatives in the transverse or radial direction. 3) All of the dif-
fusion terms involving x derivatives are neglected. They are small
compared with diffusion in the transverse direction. 4) Outside the
jet, it is assumed that there is a uniform mean flow equal to 2%
or less of the jet exit velocity. This is strictly a parabolization ap-
proximation. This approximation allows one to march the solution
downstream. If u is the flow vector consisting of all of the flow
variables, that is,

u=(p,u,v,w, T,k &) (16)

where superscript 7' denotes the transpose, then the fully parabolized
equation may be written in the form
ou
—=F 17)
ax
For axisymmetric jets, F is given in full in Appendix A.

The fully parabolized equation (17) is slightly different from that
actually used in the computation of Thies and Tam.” Thies and Tam
employed the boundary-layer approximation p = const. This is not
used here. Also in their work, the radial velocity component v is
calculated by solving the continuity equation implicitly after each
forward marching step has been completed. In the present work,
the full set of variables is solved by marching in the downstream
direction using the dispersion-relation-preserving scheme.'® Details
of the grid design and artificial selective damping used are discussed
in Appendix B.

Figure 1a shows the computed profiles of the axial velocity com-
ponent of a Mach 0.8 jet at temperature ratio 7,/ T, = 1.686, where
T, and T, are the reservoir and ambient temperature, respectively.
Figure 1a also shows the experimental measurements of Lepicov-
sky et al.'® Figure 1b shows a comparison of the computed and
measured centerline velocity. As can be seen, at moderately high
temperature, the calculated velocity profiles and centerline velocity
distribution based on the k—¢ model and the coefficients of Thies
and Tam’ are in good agreement with measurements. However, for
higher temperature jets, there is an increasing deviation between
predictions and measurements. Figure 2a shows the case of a Mach
0.8 jet at temperature ratio 2.317. Figure 2b shows the correspond-
ing comparison of the jet centerline velocity distribution. Figures 2a
and 2b clearly indicate that starting at x/D = 5.0 (where D is the
jet diameter) the model overpredicts the centerline velocity. This
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Fig. 1a Comparisons between computed and measured axial velocity
profiles; data from Lepicovsky et al.,'® Mach 0.8, T,/T, =1.69 jet: O,
x=1.0;0,x=3.0; A, x=5.0; ®,x=7.0; ®,x=9.0; and , k—e model.

1.1

o
© -
[
L

c
o
(o)

u
o
~

o
2

o o
s o
O T T T T T

N =

Fig. 1b Comparison between computed jet centerline velocity and the
measurements of Lepicovsky et al.,’® Mach 0.8, 7,/T, =1.69: ®, mea-
surement and —, k—e model.

overprediction increases in the downstream direction. Other exam-
ples (shown later) reinforce this observation. Because the Sarkar
and Lakshmanan correction,® which mimics the effect of convec-
tive Mach number, is included in the calculation, it is believed that
the discrepancy is the result of the large density difference between
the jet and ambient gas. As stated before, experimental observa-
tions indicate that a strong density gradient across a mixing layer
could have an important influence on its rate of spread.'®!! The k—¢
model has no provision for density gradient. It would appear, there-
fore, that a modification of the k—¢ model to include the density
effect is necessary if the model is to be successful in calculating the
mean velocity profiles of hot jets.

III. Physics of Hot Jets

It is now known that the fluid dynamics in the mixing layer of
a jet is largely controlled by the large turbulence structures of the
flow. These large structures are intrinsically related to the instabil-
ities of the mixing layer. To investigate the effect of density on the
dynamics of turbulent mixing, it is useful to see how the density
difference across the mixing layer affects the instabilities of the
layer. To keep the analysis simple, we will consider the Kelvin—
Helmbholtz instability of two incompressible fluid layers of density
p1 and p, separated by a vortex sheet moving relative to each other
at a velocity U as shown in Fig. 3. Let subscripts 1 and 2 be used
to denote the variables in layers 1 and 2 and y = ¢ (x, ) be the dis-
placement of the vortex sheet where x is in the direction of flow
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Fig. 2a Comparisons between computed and measured axial velocity
profiles; data from Lepicovsky et al.,'® Mach 0.8, T,/T, =2.32 jet: O,
x=1.0;0,x=3.0; A, x=5.0; ®,x=7.0; ®,x=9.0; and , k—e model.
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Fig. 2b Comparison between computed jet centerline velocity and the
measurements of Lepicovsky et al.,1® Mach 0.8, T,/T, =2.32: ®, mea-
surement, and ——, k—e model.
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Fig. 3 Kelvin—-Helmbholtz instability at the interface of two fluid layers
of different densities.

and y is normal to the fluid layers. Mathematically, the instability
problem is

d d
Vv =0, p1<§+U%>=—Vm (18)
8’02
V.- v,=0, Pzﬁ =—Vp, (19)

The kinematic boundary conditions at y =0 are

N S

= 20
EY, L) (20)
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The dynamic boundary condition at y =0 is
p1=p2 1))

The solution of the preceding instability problem is known, for
example, by Landau and Lifshitz.!” Itis conceivable that the problem
has also been solved by others. For instability wave solution of the
form

pi(x, y, )= pi(y)e " (22)

and similar dependence for all other variables, it is easy to show that
the dispersion relation that links frequency w to wave number « is
given by

(0 —aU)* =—(p2/p1)0* (23)

Our interest is in spatial instability. Thus, on solving for o, we find

a=w/U+i(pr/p)? (@/U) (24)

The root with negative imaginary part is the unstable root. The
spatial growth rate is given by the imaginary part of «, that is,

Im(e) = (pa/p1)? (@] U) (25)

Equation (25) suggests that the growth rate is affected by the
density ratio p,/p;. For hot jets p; < p,; hence, there is an increase
in growth rate due to density difference. This means that there will
be stronger mixing and larger shear layer spreading rate for very hot
jets. Therefore, the density effect should be incorporated in the k—¢
model for hot-jet mean flow calculations.

IV. Modified k—= Model

The k—e model is a very simple turbulence model. The turbulence
at a point is characterized by two quantities, k and &. Within the
framework of the model, turbulent mixing and, hence, the spread-
ing rate of a mixing layer are controlled by the turbulent viscosity
v; = ¢, k*/e. Thus, a simple way to incorporate the density effect on
turbulent mixing is to allow v, to depend on density gradient.

Let us first consider the special case of axisymmetric jets. The
density effect is then characterized locally by (1/p)(dp/9r). The
k—e model is a local model, so that any modification should be
on a local basis. We will assume that the effect of density on
turbulent mixing is relatively small. As a first approximation, it
is reasonable to take the density effect to be a linear addition to
the original eddy viscosity. We expect the linear term added to be
small so that it may be regarded as a perturbation on the origi-
nal turbulent mixing. In other words, let vy be the combined eddy
viscosity (including density effect on flow instabilities). We will
assume

vr =v; + Yy (26)

where v, is the density effect and v, = ¢,k?/¢ is the original tur-
bulent eddy viscosity. It will further be assumed that v, is linearly
dependent on (1/p)(dp/9dr). Now v, must have the dimensions of
kinematic viscosity. To ensure dimensional balance in Eq. (26), note
that, within the k—¢ model, there are only two other quantities, that
is, k and &, available for dimensional adjustment. A simple dimen-
sional analysis yields the following relation:

k31

ap
Cﬂ8—2; -
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, - i —
or or PP £ or

o =

0, otherwise 27

The unknown constant ¢, is assigned the numerical value 0.035 by
best fit to the data.

In Eq. (27), v, is set equal to zero unless the jet is hot. (No
modification is needed.) This is suggested by the result of the

instability analysis of Sec. III. There, it was found that only
when the less dense fluid moved faster would it result in an
increase in the Kelvin—-Helmholtz instability wave growth rate.
This, in turn, would lead to an increase in turbulent mixing.
In the proposed modification, an increase in turbulent mixing is
achieved by an increase in the turbulent eddy viscosity of the k—¢
model.

For applications to nonaxisymmetric jets or for jets issued from
internal mixer nozzles, formula (27) may be generalized as follows.
It will be assumed that these jets diverge slowly in the axial direc-
tion. Again, let x be in the jet flow direction. Then u and p are
slowly varying functions of x. The reference direction for the shear-
ing flow motion is Vu. The relevant part of the density gradient
that affects mixing is the projection of Vp on Vu. A simple gen-
eralization of the contribution of density effect on turbulent eddy
viscosity is

k2 11(Vp) - (Vu)|

, if (Vu) - (Vp) is negative
I L (Vi) - (Vp) is neg

0, otherwise

V. Numerical Results

We will now demonstrate that if the present proposed modifica-
tion to the k—e model is adopted, the agreement between computed
and experimentally measured mean flow profiles and centerline ve-
locity distributions are substantially improved, even when the jet
temperature is very high. For this purpose, note that hot-jet flow
data are difficult to measure. As a result, only a limited set of data
is available in the open literature.

Figures 4a and 4b show comparisons between computed and mea-
sured axial velocity profiles of a Mach 0.8 jet at a temperature ratio
of 2.32. The data are from Lepicovsky et al.'® Both the computed
profiles with and without density correction are shown. Figure 4c
shows a comparison of the corresponding centerline velocity. Sim-
ilar comparisons for a Mach 0.8 jet at a higher temperature ratio of
2.79, aMach 1.0 jet at temperature ratio of 2.32 and a Mach 0.48 jet
at temperature ratio of 1.69 are given in Figs. 5-7. It is evident from
these comparisons that the inclusion of density correction greatly
improves the accuracy of the k—¢ model predictions at elevated jet
temperature. This is true for jets at low subsonic Mach number as
well as at sonic Mach number.

We will now demonstrate that the proposed density correction
also works well for supersonic jets. Figure 8a shows comparisons
of computed and measured centerline velocity and half velocity
point distributions of a Mach 2.0 jet at temperature ratio 2.72. The
measurements are from Seiner et al.'"® The computed centerline ve-
locity distributions for cases with and without density correction
are provided. Figure 9 shows similar comparisons for a Mach 2.0
jet at a much higher temperature ratio of 4.0. When the computed
results are compared with experimental measurements shown in
Figs. 8 and 9, it is readily seen that the inclusion of the proposed
density correction improves the predicted results for hot super-
sonic jets. This is especially true for centerline velocity beyond the
potential core.

The proposed density correction, no doubt, will have an effect on
the predicted distribution of turbulence intensity. However, quality
data of & for hot jets are presently not available to allow an assess-
ment of the accuracy of the model.

Recently, Tam and Auriault’ developed a theory for predicting
the fine-scale turbulence noise of high-speed jets. The fine-scale
turbulence noise is the dominant noise component in the sideline
direction. This theory is closely tied to the k— model. The turbulence
information needed for noise prediction such as turbulence intensity,
the turbulence decay time, and the size of fine-scale turbulence are
supplied by the k—¢ model. The Tam and Auriault theory also takes
mean flow refraction into consideration. This is accounted for by the
use of an adjoint Green’s function. The mean flow refraction effect
and the adjoint Green’s function depend on the mean flow profile.
In the work of Tam and Auriault, the mean profiles of the jets are
calculated by the k—s model.
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Fig. 4a Comparisons between computed and measured axial velocity
profiles; data from Lepicovsky et al.,'® Mach 0.8, T,/T, =2.32 jet: O,

x=1.0;0,x=3.0; A,x=5.0; ®,x=7.0; ®,x =9.0; and , with density
correction.
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Fig. 4b Comparisons between computed and measured axial velocity
profiles; data from Lepicovsky et al.,'> Mach 0.8, T,/T, =2.32 jet: O,
x=1.0; 0, x=3.0; A, x=5.0; ®, x=7.0; ®, x=9.0; and , without
density correction.
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Fig. 4c Comparison between computed jet centerline velocity and the
measurements of Lepicovsky et al.,'® Mach number 0.8, T,./T, =2.32: ®,
measurement; ——, with density correction; and ———, without density
correction.
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Fig. 5a Comparisons between computed and measured axial velocity
profiles; data from Lepicovsky et al.,'® Mach 0.8, T,/T, =2.79 jet: O,

x=1.0;0,x=3.0; A,x=5.0; ®,x=7.0; ®,x =9.0; and , with density
correction.
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Fig. 5b Comparisons between computed and measured axial velocity
profiles; data from Lepicovsky et al.,'® Mach 0.8, 7,/T, =2.79 jet: O,
x=1.0; 0, x=3.0; A, x=5.0; ®, x=7.0; ®, x=9.0; and , without
density correction.
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Fig. 5S¢ Comparison between computed jet centerline velocity and the
measurements of Lepicovsky et al.,'® Mach number 0.8, 7,/T, =2.79: ®,
measurement; ——, with density correction; and ———, without density
correction.
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Fig. 6a Comparisons between computed and measured axial velocity
profiles; data from Lepicovsky et al.,'® Mach 1.0, T,/T, =2.32 jet: O,

x=1.0;0,x=3.0; A,x=5.0; ®,x=7.0; ®,x =9.0; and , with density
correction.
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Fig. 6b Comparisons between computed and measured axial velocity
profiles; data from Lepicovsky et al.,'> Mach 1.0, T,/T, =2.32 jet: O,
x=1.0; 0, x=3.0; A, x=5.0; ®, x=7.0; ®, x=9.0; and , without
density correction.
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Fig. 6¢c Comparison between computed jet centerline velocity and the
measurements of Lepicovsky et al.,> Mach number = 1.0, 7,/T, = 2.32:
@, measurement; , with density correction; and ———, without den-
sity correction.
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Fig. 7a Comparisons between computed and measured axial velocity
profiles; data from Lepicovsky et al.,'® Mach 0.48, T,/T, =1.69 jet: O,

x=1.0;0,x=3.0; A,x=5.0; ®,x=7.0; ®,x =9.0; and , with density
correction.
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Fig. 7b Comparisons between computed and measured axial velocity
profiles; data from Lepicovsky et al.,'¢ Mach 0.48, T,/T, =1.69 jet: O,
x=1.0; 0, x=3.0; A, x=5.0; ®, x=7.0; ®, x=9.0; and , without
density correction.
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Fig. 7c  Comparison between computed jet centerline velocity and the
measurements of Lepicovsky et al.,'® Mach number 0.48, 7,/T, = 1.69: ®,
measurement; ——, with density correction; and ———, without density
correction.
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measured half-velocity point; ——, with density correction; and ———,
without density correction.
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Fig. 9 Comparisons between computed jet centerline velocity and
half-velocity point distributions and the measurements of Seiner et al.,'8
Mach number 2.0, 7,/T, =4.0: O, measured centerline velocity; ®, mea-
sured half-velocity point; ——, with density correction; and ———, with-
out density correction.
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Fig. 10 Noise spectrum at 88.6 deg (inlet angle) from a Mach 2.0 jet at
temperature ratio 3.28; data from Seiner et al.,!8 and theory from Tam
and Auriault’: —— with density correction and ———, without density
correction.
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Fig. 11 Noise spectrum at 88.6 deg (inlet angle) from a Mach 2.0 jet at
temperature ratio 4.07; data from Seiner et al.,'® and theory from Tam
and Auriault’: , with density correction and ———, without density
correction.

The Tam and Auriault theory® has proven to be the most successful
jet noise theory up to the present time. For cold and moderately
hot jets the predictions of the theory are in good agreement with
experiments. The theory has since been applied to jets in simulated
forward flight® and to nonaxisymmetric jets'® with equal success.
These later applications are again restricted to cold and moderately
hot jets.

The present proposed density correction to the k—e model, in-
variably, will have an impact on the ability of the Tam and Auriault
theory® in predicting hot-jet noise spectra. Figure 10 shows com-
parisons between computed noise spectra of a Mach 2.0 jet at
88.6 deg measured from nozzle inlet and the experimental mea-
surements of Seiner et al.'® The temperature ratio of the jet is 3.28.
It is clear that the calculated spectrum with density correction is
in better agreement with experiment. Figure 11 shows a similar
comparison for an even higher temperature ratio of 4.07. Again,
the inclusion of density correction improves the accuracy of the
prediction.

VI. Conclusions

A modification to the k—¢ model aimed to extend its applicabil-
ity to the computation of the mean flow and noise of high-speed
hot jets is proposed. The motivation of the proposal arises from
the observation that there is a large density-induced increase in the
growth rate of spatial instabilities of a mixing layer if the lighter
fluid moves faster. This consideration leads to the incorporation of a
density gradient related contribution to the turbulent eddy viscosity
of the k—e model. Computed jet mean flow profiles and centerline
velocity distributions at elevated temperatures of high-speed jets are
found to be in better agreement with experimental measurements if
density modification is included. Noise predictions including the
density effect are also found to be in better agreement with mi-
crophone measurements. The good agreements offer strong support
to the validity and usefulness of the proposed density correction
formula.

Note that the density correction proposed here is strictly intended
for use in jets and free shear flows. Whether the use of the same
correction would lead to similar good predictions for wall-bounded
turbulent flows is beyond the scope of the present work. This should
not be difficult to understand. The reason is that the role of large
turbulence structures in free shear flows is not the same as in wall-
bounded flows. We would, therefore, like to suggest that care should
be exercised when considering the application of the proposed cor-
rection to turbulent flows in which the turbulent mixing dynamics
and large flow structures are substantially different from those of
turbulent free shear layers.
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Appendix A: Fully Parabolized Equations
for Axisymmetric Jets

For axisymmetric jets, the parabolized RANS equations with k—¢
model [Eq. (17)] in cylindrical coordinates are
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Appendix B: Mesh Design for the Marching Scheme

To make the marching scheme efficient, a multisize mesh design
is adopted. The mesh distribution at the nozzle exit plane is as shown
in Fig. Al. The innermost block consists of N mesh spacings of
size Ar, where N = Ny + N;. The next block consists of N, mesh
spacings of size 2Ar. The next block consists of N4 mesh spacings
of size 4Ar, and so on. The mesh size increases by a factor of two
when moving outward into the next block. In marching downstream,
as soon as a location is reached, where the mixing-layer thickness is
twice that of the initial thickness, every other mesh line in the inner-
most block is eliminated, and the block merges with the immediate
adjacent block to form a single block with same size mesh. That is,
from this location on, the innermost block has a mesh spacing (in the
r direction) of 2Ar. At this location the immediate adjacent block
has a mesh spacing twice as large, namely, 4Ar. The marching
step Ax is now adjusted to a large value consistent with numeri-
cal stability requirement for a mesh size of 2Ar in the r direction.
The marching resumes until a new location is reached, where the
mixing-layer thickness doubles again. At this point, the process of
eliminating every other mesh line to double the mesh spacing in the

NR
8Ar
N
* 4Ar
N,
2Ar
N
-/ mixing layer of jet
| T
x=0 X
Fig. A1 Mesh distribution for the parabolized computer code.

innermost block is repeated. The entire process repeats many times
until the desired downstream location of the jet is reached.

In the present investigation, a 15-point stencil of the dispersion-
relation-preserving scheme'” is used to approximate the r deriva-
tives in the innermost block of mesh. A 7-point stencil is used in all
of the outer blocks. The reason for using a 15-point stencil is that
the discretized equations in cylindrical coordinates are numerically
weakly stable. To eliminate any grid-to-grid oscillations that are
generated by the strong gradients in the jet mixing layer, 15-point
artificial selective damping terms?*?! are added to the computation
algorithm. A 15-point damping stencil exerts essentially no damping
on the mean flow solution (consisting of long waves). The number
of mesh points Ny, N,, Ny, etc., is chosen so that the grid-to-grid
oscillations are nearly damped out before they can propagate out
to reach the first mesh-size-change interface closest to the jet axis,
where amplification may occur on reflection by the interface. In
our code, the following parameters are used. Ar =b/6, where b is
the half-width of the initial shear layer; R;l = 8.0, where R, is the
mesh Reynolds number; Ny = integer [(h + b)/Ar], where h is the
initial thickness of the potential core of the jet; Ny =150(151) if
N is even (odd); and N, =76(75) if %(NO + N;) is even (odd), etc.
This mesh design is used in all of the computations in this work.
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